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Abstract 

We state an improved version of the conjecture of Langlands and Rapoport, and we prove 
the conjecture for a large class of Shimura varieties. In particular, we obtain the first proof of 
the (original) conjecture for Shimura varieties of PEL-type. 
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Introduction 



Das Problem der Fortsetzbarkeit der Hasse-Weil-Zeta-Funktionen und 
allgemeiner der motivischen L-Funktionen ist nach wie vor ein zentrales 

Problem der Zahlentheorie. Es wird oft in zwei Probleme aufgeteilt Es 

ist erstens zu zeigen, dass jede motivische L-Funktion gleich einer auto- 
morphen L-Funktion ist, und zweitens, dass jede automorphe L-Funktion 
fortsetzbar ist. Beide Probleme sind in herzlich wenigen Fallen gelost 
und dann nur dank der Bemiihungen vieler Mathematiker iiber lange Zeit. 
Nach den abelschen Varietdten sind in arithmetischer Hinsicht die Shimu- 
ravarietdten wohl die zugdnglichsten, und diese Arbeit soil ein Beitrag zum 
ersten Problem flir die ihnen zugeordneten motivschen L-Funktionen sein^ 

Langlands and Rapoport 1987, pi 13. 



Shimura varieties arose out of the study of automorphic functions, and are defined by a reductive 
group G and additional data X. In order to show that the zeta function of a Shimura variety is an 
automorphic L-function, one must find a group-theoretic description of the points of the variety with 
values in a finite field, and then apply a combinato rial argument invo lving the stabilized Arthur- 
Selberg trace formula and the fundamental lemma. iLanglandsl (119761) gives a general conjectural 
description of the points. For the Shimura varieties attached to totally indefinite quaternion algebras 
I showed that this conjecture can be proved using only the results of Weil, Tate, and Honda on 
abelian varieties over finite fields 11^11^11979 bta). F rom this, it follows that the zeta functions of 
these varieties are automorphic (see Casselmanf [l979h . S imilar res i ilts we re obtained using Honda- 
Tate theory for other quaternionic Shimura varieti es by iReimannI (119970 . and for simple Shimura 
varieties of PEL-types A and C by lKottwitj (|l992h . 

Although these results have important consequences, as Langlands himself pointed out, his orig- 
inal conjecture is inadequate. Typically in the theory of Shimura varieties, one proves a statement 
for some small class of Shimura varieties and extends it to a much larger class through the inter- 
mediary of connected Shimura varieties. Langlands 's conjecture is too imprecise for this approach 
to work. Moreover, it groups together objects that are only locally isomorphic whereas one should 
have a finer statement in which globally nonisomorphic objects are distinguished. Finally, Lang- 
lands states his conjecture in terms of an embedding of a group into G{A'J-), and this embedding is 
not sufficiently precisely defined to permit passage to the combinatorial part of the argument in the 
general case. 

In their fundamental paper. Eanglands and Rapoport (1987) use a "Galois-gerbe", which is con- 
jecturally the groupoid attached to a fibre functor on the category of motives over a finite field, to 
give a precise conjectural description of the points on the reduced variety (ibid. 5.e). This conjec- 
ture removes the inadequacies of Langlands 's original conjecture, and is a much deeper statement. 
In particular, it is not susceptible to proof, even for Shimura varieties of PEL-typeH by using only 
Honda-Tate theoryU Recall that this theory provides a list of the isogeny classes of abelian varieties 



The problem of analytically continuing Hasse-Weil zeta functions, and more generally motivic L-functions, is one 

of the central problems in number theory. It is often divided into two problems The first is to show that every 

motivic L-function is an automorphic L-function, and the second is to show that every automorphic L-function can be 
analytically continued. Both problems have been solved in mightily few cases, and then only thanks to the efforts of 
many mathematicians over a long period. After abelian varieties, Shimura varieties are, from the arithmetical point of 
view, the most approachable, and this work is a contribution to the first problem for their a ssociated moti vic L-series. 

Although Shimura varieties of PEL-type are very important, they are very special; see lDeUgnelll97ll , pl23. 
^Except for some very special Shimura varieties — loosely speaking, those for which there is no L-indistinguishability 
— for example, those defined by quaternion algebras; see iReimanr>il997i . pp52-59. 
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over a finite field and determines tlie isomorpliism class of the endomorphism algebra attached to 
each class. In Section 6 of their paper, Langlands and Rapoport proved their conjecture for simple 
Shimura varieties of PEL-types A and C assuming 

(cl) the Hodge conjecture for CM abelian varieties (over C), 

(c2) the Tate conjecture for abelian varieties over a finite field, and 

(c3) Grothendieck's standard conjectures for abelian varieties over finite fields. 

These statements allowed them to obtain a precise description of the category of abelian motives 
over a finite field (and therefore of the category of abelian varieties) as a polarized tannakian cate- 
gory with the standard fibre functors. 

After their paper, two problems remained: 

o remove the three assumptions (cl,c2,c3) from their proof; 
o extend the proof to all Shimura varieties. 

Concerning the first problem, in iMilnd Il999l |2002|. I proved that (cl) implies both (c2) and 
(c3). Thus, the Hodge conjecture for CM abelian v arietie s alone suffices for the result of Langlands 
and Rapoport. More recently (Milne 2000, Milne 20091) I showed that a much weaker statement, 
namely, the rationality conjecture for CM abelian varieties, has many of the same consequences 
as the Hodge conjecture for CM abelian varieties; in particular, it suffices for the above proof of 
Langlands and Rapoport. 

Concerning the second problem, in lMilne 1 1994b' I gave a partial heuristic derivation of the con- 
jecture of Langlands and Rapoport assuming the existence of a sufficiently g ood theory of motives 
in mixed characteristic, and in the original version of this article (lMilnelll995h . I examined what was 
needed to turn the heuristic argument into a proof. I was led to state two conjectures , one concem- 
ing lifts of special points and one concerning a comparison of integral cohomologies. 'Vasiu' 
has announced a results on the first conjecture, and both i Vasiu (2003bh and lKisin. (2007..i2009i) have 
announced results on the second conjecture. 

This progress has encouraged me to rewrite my 1995 article. Let F be an algebraic closure 
of the field of p elements. After some preliminaries on tannakian categories in Section 1, I 
construct in Section 2 a category Mot(F) of abelian motives over F having most of the properties 
that the category of Grothendieck motives over F would have if the three conjectures (cl,c2,c3) 
were known. In more detail: 

o The category l\/lot(F) is constructed as a quotient of the category CMfQ^) of CM-motives 
over . According to the theory of quotient tannakian categories in iMilndbooi to construct 
such a quotient, we need a fibre functor G)o on a certain subcategory of C M(0'^). The proof of: 



the existence of coq makes use of, among other things, the main result of I Wintenbergen 11991 



(which gives an explicit description of the functor sending a CM-motive to its associated 

filtered Dieudonne module). 

o The proof that Mot(F) has the correct fundamental group uses the main ideas of lMilnelll999 

(which proves that (cl) implies (c2)). 
o The proof th at the polariz ation on CM(Q^') descends to a polarization on Mot(F) uses the 

main ideas of lMilnell2002l (which proves that (cl) implies (c3)). 

In Section 3, I use the category Mot(F) to give what I believe to be the "right" statement of 
the conjecture of Langlands and Rapoport (henceforth called the Conjecture LR-i-; see below for a 
discussion of the various forms of the conjecture). It attaches to each Shimura /7-datum {G,X) a 
set ^{G,X) with operators, and the conjecture states that there should be a functorial isomorphism 

^iG,X)^Shp{G,X){¥). 
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In the fourth section, I explain (following lMilnelll994bl) how to realize many Shimura varieties 
in characteristic zero as moduli varieties of abelian motives. One problem in tackling the Langlands- 
Rapoport conjecture is that the level structure at p in characteristic zero is stated in terms of etale 
cohomology, whereas the level structure at p over the finite field is stated in terms of the crystalline 
cohomology. In order to pass from one to the other, we need the integral comparison conjecture 
(first stated in^ Milne 1995 ) which says that a Hodge class on an abelian variety with good reduction 
is integral for the de Rham cohomology if it is integral for the p-adic etale coho mology . Since 
pro ofs of enough of th is conjecture for our purposes have been announced by both Vasiu ( 2003bh 
and lKisinI fcool l2009h . I shall assume it for the remainder of this introduction. 

Another obstacle is that the conjecture of Langlands and Rapoport implicitly implies that points 
of the Shimura variety with coordinates in a finite field lifts to special points in characteristic zero 
(up to isogeny). I call this statement th e special-points conjecture. For simple Shim ura va r ieties o f 
PEL type, it was proved by lZinkl(ll983h . and more general results been announced by IVasiul (12003 ah . 

In the final two sections of the paper, I prove that, for any Shimura jc-datum of Hodge type (that 
is, embeddable in a Siegel /7-datum), there is a canonical equivariant map ^{G,X) — > Shp(F). For 
an appropriate integral model the map is injective, and it is surjective if (and only if) the special- 
points conjecture is true. In particular, the Conjecture LR-i- (a fortiori, the original conjecture of 
Langlands and Rapoport) is proved for Shimura varieties of PEL-type (by Zink's result). I also 
discuss how to extend the proofs of the Conjecture LR-i- to other Shimura varieties, including many 
that are not moduli varieties, not even conjecturally; cf. Pfau 1993 1996a,b. Moreover, I discuss 
what is needed to extend the proof to all Shimura varieties of abelian type, and perhaps to all 
Shimura varieties. 



The various forms of the conjecture of Langlands and Rapoport (good reduction case) 



In an attempt to reduce the confusion surrounding the statement of the conjecture, I list its main 
forms. To avoid overloading the exposition, I state the conjectures only for Shimura varieties whose 
weight is defined over Q. 



LRo The original statement is (5.e), pl69, of lLanglands and Rapoportill987l . In the first three sec- 
tions of the paper, the authors define a groupoid (die pseudomotivische Galoisgruppe), and 
use it to attach to a Shimura /j-datum a set ^{G,X) with a Frobenius operator and an action 
of G{Af). When C^^^ is simply connected, they conjecture that this set with operators is iso- 
morphic to the set Shp(F) defined by some integral model of the Shimura variety Shp(G,X)0 

LRm In .Milnelll992l l made some improvements to the original conjecture (ibid. 4.8). 



Langlands and Rapoport (1987, §7) show that their statement of the conjecture can not 
be true when G^^^ is not simply connected. I modified the statement of the conjecture so 
that it applies to all Shimura varieties (when the derived group is simply connected, the 
modified statement becomes the original statement because of lLanglands and Rapoport 



19871. Satz 5.3, pl73). 



I defined the notion of a canonical integral model for the Shimura variety, which is 
uniquely characterized by having a certain extension property, and added the require- 
ment that the conjecture hold for that particular integral model. 

I added the condition that the isomorphism Jf(G,X) — > Shp{G,X){¥) commutes with 
the actions of Z{Qp) where Z is the centre of G. With the addition of this condition, I 



"^Langlands and Rapoport inadvertently omitted the condition that the map be G(Ay )-equivariant — Langlands has 
assured me that this should be considered part of the conjecture. Langlands and Rapoport also state a conjecture when 
the Shimura variety has mild bad reduction, but we are not concerned with that. 
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showed that the conjecture for Shimura varieties with simply connected derived group 
imphes the c onjecture for all Shimura varieties. 
LRp ii^ d 19931. Il996bl lah pointed out that neither LRo nor LRm is sufficiently strong to pass from 



Shimura varieties of Hodge type to Shimura varieties of abelian type. Specifically, if one 
assumes that Conjecture LRo (or LRm) holds for all Shimura varieties of Hodge type, then it 
is not possible to deduce that it holds for all Shimura varieties of abelian type. For that, one 
needs a "refined" conjecture in which the isomorphism ^{G,X) — > Shp{G,X){¥) is required 
to respect the maps to the sets of connected components. 
LR+ As Deligne pointed out to me, Langlands and Rapoport define only the isomorphism class of 
their groupoid. In fact, the groupoid is not well-defined, even conjecturally (at a minimum it 
requires the choice of a fibre functor). In §3, 1 restate the conjecture in terms of the category 
Mot(F) defined in §2. At present, the construction of this category also requires a choice, but 
the possibly-provable rationality conjecture for CM-abelian varieties (weaker than the Hodge 
conjecture for CM abelian varieties) implies that there is a unique preferred choice; moreover, 
the choice doesn't affect the construction of ^{G,X). Now that both objects are well defined, 
it is possible to require that the isomorphism ^{G,X) Shp(G,X)(F) be functorial in {G,X) 
— this is the Conjecture LR-i-. With the choice of a fibre functor for l\/lot(F), Conjecture LR-i- 
implies Conjecture LRp, and so it is strictly stronger than both LRo and LRm. When one 
assumes LR-i- for all Shimura varieties of Hodge type, then it is possible to deduce it for all 
Shimura varieties of abelian type. 

The conjecture of Langlands and Rapoport is of interest to everyone working on Shimura varieties. 
For those interested only in the zeta functions of Shimura varieties, all that is needed is the integral 
formula, 

r(7,/) = |Keri(Q,G)| £ c{Yo;Y,d) ■ Oyif) ■TOs{({>r) -Tr^iyo) (D 

fir st conjecture d in a preliminary form by Langlands, and then by Kottwitz (1990, S.lj^. It is proved 
in iMilneil 19921 that Conjecture LRm implies this formula (the converse, of course, is false). 



Some history 

The original conjecture of Langlands and Rapoport (LRo) predicted that two objects, not well- 
defined, are isomorphic. It is not possible to prove such a statement without first defining the 
objects. This led me (in Milne 1992) to introduce the notion of a canonical integral model, which 
ensured that the set-with-operators Shp{G,X){¥) is well-defined. 

Although Honda-Tate theory suffices to prove Langlands's original conjecture for some PEL 
Shimura varieties, it soon became clear (to me and others) that it was insufficient to prove the 
Conjecture LRo. Hence there was a need to obtain a description of the category of abelian varieties 
over F, or, more generally, of abelian motives, and not just the set of its isomorphism classes. In 



1995, at the time I proved the results in lMilne [l999[ I thought these results could be used 



to construct a canonical category of "motives" over F that has the "correct" fundamen- 
tal group, equals the true category of motives if the Tate conjecture holds for abelian 
varieties over F, and canonically contains the category of abelian varieties up to isogeny 
as a polarized subcategory (ibid, p47). 

^But only when G'^'^' is simply connected. There may be some in terest in writ ing the formula also in the case that the 
derived group is not simply connected; that is, in extending §5-§7 o f lMilndl 19921 to that case. 
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I applied this statement to investigate the conjecture of Langlands and Rapoport with the goal of 
determining what more was needed to prove the conjecture. I determined (I believe correctly) 
that the two key technical results needed are the specia l point s conjecture and integral comparison 



conjecture (see below). I wrote this work up as Milnd 119951 for my own personal use, but I gave 
the manuscript to a few people because I wanted to encourage the experts to work on the two 
conjectures. 

Alas, when I tried to write out the proof of the quoted statement, I found a gap in my argument 
(the rationality conjecture!). However my later work has enabled me to construct a category of mo- 
tives with the required properties (but not to prove that it is canonical or that it contains the category 
of abelian varieties). This, together with the work of Kisin and Vasiu on the two conjectures, has 
encouraged me to return to the topic. 

Aside. A problem one has in working on the conjecture of Langlands and Rapoport is the misperceptions 
that exist about the conjecture in the mathematical community. One factor contributing to this is that the 
original paper is in German, and hence inaccessible to most mathematicians, who may also be deterred by 
its length (108 pages ). Ano ther has been the misstatements in the literature, most egregiously in Clozel's 



Bourbaki talk dClozei 19931) . where he writes (Introduction): 



... En collaboration avec Rapoport, [Langlands] formula ensuite une conjecture precise (LR1987), 
qui etait demontree modulo une partie des "conjectures standard" de geometric algebrique. 
L'objet de cet expose est le travail de Kottwitz (K1992) qui demontre inconditionnellement, 
pour les varietes de Shimura qui decrivent des problemes de modules de varietes abeliennes 
munies de quelque structures . . . , une reformulation de la conjecture de Langlands-Rapoport. 

(. . . In collaboration with Rapoport, [Langlands] next formulated a precise conjecture (LR1987), 
which was proved modulo part of the "standard conjectures" in algebraic geometty. 
The object of this exposition is the work of Kottwitz (K1992) which proves unconditionally, for 
those Shimura varieties describing moduli problems for abelian varieties endowed with some 
structures. . . , a reformulation of the conjecture of Langlands-Rapoport.) 

If you believe this, as many mathematicians seem to judging by their writings, then you will think that the 
conjecture of Langlands and Rapoport was proved for (at least) all Shimura varieties of PEL type by Kottwitz 
in 1992, and that the general case was proved by Langlands and Rapoport in 1987 assuming only a part of the 



standard conjectures. In fact. lKottwitz (1 19921) proves only the integral formula ([Hi (see p442 of his paper) and 
only for simple Shimura varieties of PEL types A and C, while Langlands and Rapoport (1987) prove their 
conjecture only for simple Shimura varieties of PEL types A and C, and only assuming the Hodge conjecture, 
the Tate conjecture, and the standard conjectures]^ □ 



Notations and conventions 

Throughout Q''' is the algebraic closure of Q in C, and is the union of the CM-subfields of Q"'. 
For a Galois extension K/k,we let Tj^/f^ = Gai{K/k). When K is an algebraic closure of k, we omit 
it from the notation. Complex conjugation on C and its subfields is denoted hy i or z. ^ z- 

^In diesem Abschnitt woUen wir zeigen, dass fiir gewisse Shimuravarietaten die Vermutung im §5 eine Folge der 
Identifizierung der pseudomotivischen Galoisgruppe und der motivischen Galoisgruppe ist, die im §4 unter Annahme der 
Standardvermutungen und der Tate-Vermutung sowie der Hodge- Vermutung vorgenommen wurde (ibid. pl98). 

(In this section we shall show that, for certain Shimura varieties, the conjecture in §5 is a consequence of the identifi- 
cation of the pseudomotivic Galois group with the motivic Galois group, which was proved in §4 under the assumption 
of the standard conjectures and the Tate conjecture as well as the Hodge conjecture.) 
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We fix a prime v of Q'^ dividing p, and we 
write vk (or just v) for the prime it induces on 
a subfield K of Q^'. The completion {Q% 
of at V is algebraically closed, and we 
let Qp denote the algebraic closure of Qp in 
(Q''')v. We let Q™ denote the largest unram- 
ified extension of Qp in . Its residue field, 
which we denote F, is an algebraic closure of 
¥p. We let B{¥) denote the closure of Q™ in 
(Q^')v, and we let VK(F) denote its ring of in- 
tegers (equal to the ring of Witt vectors with 
coefficients in F). The Frobenius map xi—fx^ 
on F and its lift to W (F) are both denoted by 
a. 




.un^^B{¥) D W{¥) 




-»F 



-^F 



A reductive group is a smooth affine group scheme whose geometric fibres are connected reduc- 
tive algebraic groups. For such a group G over a field, C^^^' denotes the derived group of G, Z(G) 
the centre of G, G^'' = G/Z(G) the adjoint group of G, and G^'' = G/G'^''' the largest commutative 
quotient of G. 

For a (pro)torus T over a field k, X*{T) and X^,{T) denote the character group of T and its 
cocharacter group (characters and cocharacters defined over some algebraic closure of k). The 
pairing 

{,):X*{T)xX,{T)^Z 

is defined by the formula 

{xo^){t)=t'^^'^lteT{k''). 

For an affine group scheme G over a ring R and an /?-algebra S, Rep5(G) denotes the category 
of representations of G on finitely generated projective S'-modules (equivalently, fiat S'-modules of 
finite presentation). A representation will be denoted : G ^ GL{V{^)) or : G ^ GL(A((§)) 
depending on whether /? is a field or not. Thus, V : t, ■^V{E,) and A: -w A{t,) are the forgetful 
fibre functors Reps(G) Modj. A tensor functor Rep/j(G) Mods is said to be exact if (a) it 
maps sequences in Rep^(G) that are exact as sequences of /^-modules to exact sequences in Modj 
and (b) every homomorphism in Rep/j(G) whose image in Mod^ is an isomorphism is itself an 
isomorphism. 

For a finite extension of fields k D and an algebraic group G over k, Res,(./<:o ^ ^^id {G)k/ko both 
denote the algebraic group over obtained from G by restriction of scalars. For an infinite extension 
k/ko, we let {Gm)k/kQ denote the protorus \im {G m)K/kn where /Truns over the finite extensions of ko 
contained in k. 

By a Shimura p-datum, we mean a reductive grou over together with a G(M)-conjugacy 
class X o f homomorp hisms S Gr such that (Gq,X) satisfies the conditions (S Vl), (Sy2), an d 
(SV3) of lMilnelEooi (equal to the conditions (2.1.1.1), (2.1.1.2), and (2.1.1.3) of lDelignel[l979h . 
Except for the last two subsections of §6, we shall assume that (Gq,X) satisfies (SV4) (the weight 
is defined over Q) and (SV6) (the connected centre splits over a CM-field). 

In general, an object defined over Q/ is denoted by ?/, whereas an object over Q/ that comes 



^To give a reductive group over Zj^j Q 
over Zp, and an isomorphism (Go)q — + {Gp) 



n amo unts to giving a red uctive group Go over Q, a reductive group Gp 



(applv lBosch et alll990l 6.2, Proposition D.4, pl47) 
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from an object ? over Q by extension of scalars is denoted by ?(Z). We sometimes abbreviate S0r7 
to ?5. 

We sometimes use [x] to denote the equivalence class of an element x. 

We use ^ to denote an isomorphism, and ~ to denote a canonical (or given) isomorphism. 

We use / to denote a prime of Q, i.e., / G {2, 3, ...,/?,.. . o°}, and i to denote a prime / p,oo. 

We let Ay denote the ring of finite adeles (lim^Z/mZ) 'S>zQ and the ring of finite adeles 
with the jc-component omitted. 

A diagram of functors and categories is said to commute if it commutes up to a canonical natural 
isomorphism. 



1 Tannakian preliminaries 



By a tensor category over a ring R we mea n an additive symmet ric monoidal category such that 
R = End(l) for any identity object 1 (cf. De ligne and Milnelll982h . Tensor functors are required to 
be linear for the relevant rings. A tensor category over a field is tannakian if it is abelian, rigid, and 
admits an /?-valued fibre functor for some nonzero fc-algebra R. When the fundamental group of a 
tan nakian category is commutative, we identify it with an affine group scheme in the usual sense 
(cf. beUgndflOsi. §6). For a subgroup H of the fundamental group of a tannakian category C, we 
let denote the full subcategory of objects fixed by H (that is, on which the action of H is trivial). 



Fibre functors 



Recall t hat a field k h said to have dimension < 1 if the Brauer group of every field algebraic over it 
is zero (|Serrelll964i II §3). For example, a finite field has dimension < 1 and the field B{¥) has 
dimension < 1 (ibid.). For a connected algebraic group G over a perfect field of dimension < 1, 
H\k,G) = dSteinberdl 19651 . 1.9). 



Proposition 1.1. Let G be a reductive group over a henselian discrete valuation ring R whose 
residue field has dimension < 1. Every exact tensor fiinctor (0 : Rep^(G) Mods is isomorphic to 
the forgetfiil fimctor (0^; moreover, Hom® (ft)*^, ft)) is a principal homogenous space for G{R). 



Proof. The tensor isomorphisms from co to the forgetful functor form a G-torsor (e.g., Milnelll995 



1.1), which determines an element of H^(R, G). Because G is of fin ite type, this fpqc cohomology 
group can be interpreted as an fppf group dSaavedra Rivanolll972l. Ill 3.1.1.1), and because G is 
smooth 

H\R,G) = H\k,Gk) 



where k is the residue field of R (e.g., lMilnelll98(i III 3. 1). But Gk is connected, and so H\k, Gk) = 
by Steinberg's theorem, from which the statement follows. □ 

Let G be an affine group scheme, flat and of finite type over a ring R, and let i§ be a representation 
of G on a finitely generated projective /?-module A((^). By a tensor on we mean an element of 
A((^)®''(8)A(i§)^®-' for some r,s that is fixed under the action of G. Note that a tensor t can regarded 
as a homomorphism R — > A(<§)®'' (g) A((^)^®* of G-modules, and so it defines a tensor (o{t) on 
G)(A((^)) for any tensor functor (O on Reps(G). A representation i^o of G together with a family 
{ti)i<ii of tensors is said to be defining if, for all flat /?-algebras S, 



G{S) = {ge Aut(50R A(^o)) I gti = ti, for aU / G /}. 
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In particular, this imp lies that is faithful. F or conditions under which a defining representation 
and tensors exist, see ^ Saavedra Rivanol 1972L pl51. For example, defining tensors exist if 7? is a 



discrete valuation ring and G is a closed fl at subgroup of GL(A) whose generic fibre is reductive 



(by a standard argument, cf. iDelignell 19821 . 3.1) 



Proposition 1.2. Let G be an affine group scheme, flat over a henselian discrete valuation ring 
R whose residue field has dimension < 1, and assume that ((§o, (^i)ie/) defining for G. 

(a) Consider a finitely generated projective R-module A and a family {si)i^j of tensors for A. 
There exists an exact tensor functor (0 : Rep/j(G) Mod/j such that 

{(o{£,o),{(o{ti))ia) = {K,{si)iei) (2) 

if and only if there exists an isomorphism A((§o) — * A of R-modules mapping each tj to sp 

(b) For any exact tensor functor (0 : Reps(G) — > Mod«, the map a i-^ cc{^o) identifies Hom®(co^, (o) 
with the set of isomorphisms (0^{^o) (o{^o) mapping each (0{ti) to tj. Here (0^ denotes the 
forgetful functor on Rep/j(G). 

Proof, (a) If co exists, then according to Proposition 11.11 there exists an isomorphism co^ CO, 
and so the condition is necessary. For the converse, let S be an /?-algebra, and define P{S) to be 
the set of isomorphisms S®r A{^o) S®rA mapping each f, to si. Then S P{S) is a G-torsor 
which, by assumption, is trivial. The twist of co^ by P is an /^-valued fibre functor that satisfies 

(b) Both sets are principal homogeneous space for G{R), and so any G(/?)-equivariant map from 
one to the other is a bijection. □ 

Objects with G-structure 

Definition 1.3. Let /? be a 2-algebra, and let C be an /?-linear rigid abelian tensor category. Let 
G be a reductive group over R. An object in C with a G-structur^ (or, more briefly, a G-object in 
C) is an exact faithful tensor functor M: Rep(G) — > C. We say that two G-objects are equivalent if 
they are equivalent as tensor functors. 

Let (i^oi {U)iei) be defining for G. A G-object M in C defines an object M{E,q) together with a 
family of tensors {M{ti)j^i). Loosely speaking, one can think of a G-object in C as an object with a 
family of tensors satisfying some condition]^ 

When the representation s of G can be described explicitly, so can the G-objects in C (cf. 
Rapoport and Richartjfl996l . 3.3). 



Example 1.4. If G = GL(y), then to give a G-object in C amounts to giving an object X in C of 
dimension dimV. To see this, note that because exact tensor functors preserve traces, a G-object 
M: Rep(G) C will map V to an object M{y) of dimension dimV in C. Conversely, let X be 
an object of dimension dimV in C. For each « G N, choose an object Sym"y in Rep(G), and for 
each partition A of n, let S^V be the image of the Schur operator in Sym"y. Then the represen- 
tat ions 5';i V form a set of r epresentatives for the isomorphism classes of simple representations of 



G (IFulton and Harrislll99lL 15.47). There exists a skeleton Rep(G)' whose objects are direct sums 



^ The concept wa s used in the original version of this art icle ( lMilnelll995h . For this version, I have borrowed the name 
from lSimpsoi]! 199 21 p86, and lRapoport and Richart3l 19961 , 3.3. 

^One change from the first version of the article is that I have chosen to work directly with G-objects rather than 
choosing a defining representation and tensors. This avoids making choices and reveals the basic constructions to be 
more obviously canonical. 
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of SiVs. Now repeat the process in C with V replaced by X. There is an exact tensor functor 
Rep(G)' C sending each S^^V to S^X and each chosen direct sum in Rep(G)' to the correspond- 
ing dire ct sum in C. The functo r Rep(G)' Rep(G) is a tensor equivalence, and so has a tensor 
inverse ( Saavedra Rivanol 1972 . I 4.4). Therefore, we obtain a G-object M of C with M{V) = X. 



Moreover, M is uniquely determined by X up to a unique isomorphism. 

Example 1.5. If G = Sp„, then to give a G-object in C amounts to giving an object X of dimension 
n together with a non-degenerate alternating pairing 

X(g)X^l. 

The proof is similar to the last example. 



Objects with G-structure in a Tate triple Recall that a Tate triple T over a field 2 is a tannakian 
category C over Q equipped with a (weight) Z-gradation w : Gm^Aut® (idc) and an invertible (Tate) 
object T of weight —2. A tensor functor of Tate triples is a tensor functor T] of tannakian categories 
preserving the gradation together with an isomorphism r\{T) T' . A fibre functor on T is a fibre 
functor ft) on C together with an isomorphism (o{T) — > G)(r®^) (equivalently, an isomorphism R — > 
co{T)). 

Example 1.6. The category HdgQ of rational Hodge structures becomes a Tate triple with the 
weight gradation and the Tate object Q(l) (equal to IniQ C C with the Hodge structure of weight 
-2). 

Example 1.7. To give a Tate triple structure on Rep(G) is the same as giving a central homomor- 
phism w : G„, — > G and a homomorphism t: G G„, such that t ow = —2. The Tate object is any 
one-dimensional space on which G acting through t. We shall call {t,w) a Tate triple structure on 
G. 

Consider {G,w,t) and a Tate triple T = (C,w, T). An object in T with a (GjWjf) -structure (or, 
more briefly, a (G,w, f)-object in T or C) is an exact tensor functor M: Rep(G) T of Tate triples. 

Example 1.8. Let i/Abe a nondegenerate alternating pairing V xV ^ Qon the finite dimensional 
vector space V, and let G = GSp(i/A). Thus 

cm = {g£ GL(y) I Yi8v,gv) = t{gMvy) some t{g) G 2"}- 

Let w : G„, ^ G be the homomorphism such that w{c) acts on V as multiplication by c^^ for c G 2^ . 
Then {w,t) is a Tate triple structure on G, and to give a (G, w,f)-object in a Tate triple (C,w, T) 
amounts to giving an object X of C of dimension dimV together with a nondegenerate alternating 
pairing 

X(g)X^T. 



2 The category of motives over F 

In this section, we define a category of motives l\/lot(F) over F with the Weil protorus as its funda- 
mental group, standard fibre functors, and a canonical polarization; moreover, there is a reduction 
functor from the category CM(Q^') of CM-motives to Mot(F). At present, the category depends on 
the choice of a fibre functor co n on CM('(Q)'^) with certain properties. However, the rationality conjec- 



ture for CM abelian varieties (|Milne I2OO9L 4 .1) implies that there is a unique preferred (Oq, and the 



Hodge conjecture for abelian varieties of CM-type implies that, with this cOq, Mot(F) is indeed the 
category of abelian motives over F defined using algebraic cycles modulo numerical equivalence. 
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The realization categories 

The realization category at infinity. Let Roo be the category of pairs {V,F) consisting of a Z-graded 
finite-dimensional complex vector space V = ®mei^"' l-semilinear endomorphism F such 

that F^ = (—1)"' on V"\ With the obvious tensor structure, Roo becomes a tannakian category over 
M with fundamental group G,„. The objects fixed by G,„ are those of weight zero. If iy,F) is of 
weight zero, then 

= {veV \ Fv = v} 

is an R-structure on V . The functor V -w is an M- valued fibre functor on R?'". 



The realization category at I p^°°. Let R^ be the category of finite-dimensional Q^- vector 
spaces. It is a tannakian category with trivial fundamental group. The forgetful functor is a Q^- 
valued fibre functor on Rf . 



The crystalline realization category. Let Rp be the category of F-isocrystals over F. Thus, an 
object of Kp is a pair consisting of a finite-dimensional vector space W over S(F) and a a- 

semilinear isomorphism F : V . With the obvious tensor structure, Rp becomes a tannakian 
category over Qp whose fundamental group is the universal covering group G of Gm (so X*(G) = 
Q). The objects fixed by G are those of slope zero. If is of slope zero, then 

V^'^{v^V\Fv = v} 

is a Qp-structure on V . The functor V is a Qp-valued fibre functor on R^ . 



The category of CM-motives over Q^' 

By a Hodge class on an abel ian variety A o ver a field k of characteristic zero, we mean an absolute 



Hodge cycle in the sense of lDeligndll982l and we let !M{A) denote the Q-algebra of such classes 
on A. 

Let CM(Q''') be the category of CM-motives over Q''^ Thus, an object of CM(Q''') is a triple 
{A,e,m) with A an abelian variety of CM-type over Q^', e an idempotent in the ring .%'^™^(A x A), 
and m an integer; the morphisms are given by the rule, 

Hom( (A ,e,m),{B,f,n))=f- ^dimA-m+« x B) • e. 

With the usual tensor structure, CM(Q^') becomes a semisimple tannakian category over Q. Its 
fundamental group is the Serre group S. Recall that S has a canonical (weight) cocharacter w = w^ 
defined over Q, and a canonical cocharacter jj. = such that w = — (1 + moreover, the pair 
{S,ix^) is universal. 



The local realization at oo. Let {V,h) be a real Hodge structure, and let C act on V as h{i). Then 
the square of the operator vi—^Cv acts as (—1)'" on V". Therefore, C^r V endowed with its weight 
gradation and this operator is an object of Rc^,. We let 

^oo-. CM(Q^i) ^ R„, («e(X)M,C), 
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denote the functor sending X to the object of Rco defined by the real Hodge structure (Ob{X)r. Then 
i^oo is an exact tensor functor, and the cocharacter : G„, —>■ % it defines is equal to w^. We obtain 
an R-valued fibre functor a)»o on CMfO^')*^'" as follows: 



CMfQ^)^" > RS"- > Vec(M). 

r/ie local realization at i. For each ij^p,oo, we let 0)^ denote the fibre functor on CM(Q''') defined 
by £-adic etale cohomology. 

The local realization at p. A CM abelian variety A over Q''' has good reduction at the prime v to 
an abelian variety Aq over F. The map 

{A,e,m)^e-H*^^^{Ao){m) 

extends to an exact tensor functor 

Let Xp denote the homomorphism G Sq^^ defined by ^p. We obtain a Qp-valued fibre functor cOp 
on CMfO^'i)'^ as follows: 



CM(Q^)<^ R^ -j-^ Vec(Q^). 



The Shimura-Taniyama homomorphism 

Let P be the Weil-number protorus (see, for example. iMilne 1994a , §2). Thus, P is a protorus over 



Q, and every element of W = X*{P) is represented by a Weil ^"-number tt; two pairs {K,n) and 
{n',n') represent the same element of P if and only if tt"^ = n"^ for some integer N > I. Define 
homomorphisms 

Zoo: G,„^P, ([7r,«],zoo)=mif |7r|oo = (;?"/2)'", 

^ „ /r n ^ Ord,/?!) 

There is a unique homomorphism r^^ : /" — > 5, which I call the Shimura-Taniyama homomorphism, 
sending Zoo to ;Coo and Zp to Xp. The homomorphism r^^ is injective, which allows us to identify P 
with a subgroup of S. 

Aside. Let Khea CM field. A CM-type on /Tis a cocharacter / of S'^ of weight - 1 taking values in {0,1}. 
Let A/ be an abelian variety of CM-type / over Q^'. Then A/ has good reduction to an abelian variety Bf 
over F, which defines an element [7r(/)] of W^. The Shimura-Taniyama formula expresses [7r(/)] in terms 
of /. The Shimura-Taniyama homomorphism is the unique homomorphism r : P — > 5 such that X*{r) maps 
every CM-type / to [7t{f)]. This explains the choice of name. □ 
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The category of abelian motives over F 

For a Q-valued fibre functor O) on a tannakian category, let G)(Z) denote the Q/-valued fibre functor 

X^Qi (g)Q(o{X). 

The fibre functors ft)/ on CM(Q''') constructed above restrict to fibre functors a)/| on CM(Q^')^. 
Theorem 2.2. There exists a '[^-valued fibre functor (Oq on CM(Q^')^ such that 

(Oo{l) (0[\ 

for all I ( including p and oo). 

Proof. Let COb be the Betti fibre functor on CM (Q^'). For a Q-valued fibre functor co on CM (Q''')^, 
let p{(o) = Hom®(ft)B, co). This is an S/P-torsor, and the theory of tannakian categories shows that 
every S/P-torsor is isomorphic to p{(o) for some fibre functor CO. The fibre functor co will satisfy 
the condition in the proposition if and only if the class of p{co) in (Q,S/P) m aps to the class of 



p{cOi) in H^{Qi,S/P) for all I. That such a class exists is proved in lMilnelEoOBl Theorem 4.10 □ 



The isomorphism class of the restriction of COq to any algeb raic subcategory of CM(Q ) is 



uniquely d etermined, but this is not true for cOq itself (* Milne 2003 , 1.11). The rationality conjecture 



(lMilnell200 9. 4. 1) for CM abelian varieties implies that there is a unique preferred cOq satisfying the 



condition of the proposition!^ 

Choose a fibre functor cOq as in the proposition, and define MotcBo(IF) to be the corresponding 
quotient category 

R: CM(Q^')^Mot«^(F) 



in the sense of iMilnd 120071 . Thus Mot£8o(F) is a semisimple tannakian category over Q with fun- 
damental group P, which can be described as follows. For a CM abelian variety A over Q^', let 
^^(A) = cOo{h{Af) where h{A) is the object (A, 1,0) of CM(Q^'). The objects of Mot£OQ(F) are 
the triples {A,e,m) with A a CM abelian variety over Q^', e an idempotent in the ring ^^"^{A x A), 
and m G Z. We sometimes write h{A,e,m) for the object (A,e,m) of Mot(ap(F). Note that the maps 

=;^(A) ~ Hom(l,/j (A)) ~ Hom(l,/j (A)^) Hom(Q,^(oo(A)) ~ ^^(A) 
realize =^(A) as a subspace of J^cooi^)- The functor R is 

(A,e,m) -w h(A,e,m) 

(on the right e is to be regarded as an element of ^(bd(A))- For any objects X and Y of CM(Q^), 

nom{RX,RY) = cOo( Uom (X.Yf). 



'"it should be noted that the proof of Milne 2003, Lemma 4.2, requires the main result of I Wintenberge j[T99 ll in order 
to replace the cohomology class Cp with an elementarily defined class (cf. ibid. p31). 

"in more detail, the rationality conjecture for CM abelian varieties implies that there exists a (unique!) good theory 
of rational Tate classes on abelian varieties over finite fields and that Hodge classes on CM abelian varieties reduce to 
rational Tate classes. We can use the rational Tate classes to construct a category Mot(F) of abelian motives over F, and 
there will be a canonical reduction functor iJ: CM(Q''') Mot(F). The functor X liom{l,R{X)) is a Q-valued fibre 
functor Oo on CM(Q^')^, and R defines an equivalence CM(Q^')/a)t) Mot(F). If the rationality conjecture holds for 
all abelian varieties over Q^' with good reduction, then this gives a functor from the category of motives generated by 
such abelian varieties to Mot(F), which would simplify the proof of the Langlands-Rapoport conjecture. 
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The choice of an isomorphism COo(0 
mines an exact tensor functor 

Q: Mota^(F)^R, 



(0; I deter- 



such QoR = (see iMilnd 120071. end of §2). 
Therefore, such a choice determines a commu- 
tative diagram of tannakian categories and exact 
tensor functors as at right: 




Mot 



The canonical polarization on CM(y') (re garded as a Tate triple) passes to the quotient and defines 
a polarization on Mot(F) (see lMilne|[2002h . 

Note that, for a motive M over F, we have defined (of{M) to be the vector space underlying 
Q{M), a nd so for / = p , oo it has a Frobenius operator F and for / 7^ , oo it has a germ of a Frobenius 
operator (|Milnelll994al . p422). 

We now fix a fibre fimctor (Oq and isomorphisms COo{l) (Oi\ as above, and we write Mot(F) for 
Mot«o(F). 



The category of motives over F with Z(p) -coefficients 

Define a motive M over F with coefficients in Z(p) to be a triple {Mp,Mo,m) consisting of 

(a) a finitely generated W(F)-module Mp and a a-hnear map F : Mp —>■ Mp whose kernel is 
torsion, 

(b) an object Mq of Mot(F), and 

(c) an isomorphism m: {Mp)Q —>■ G)J(Mo). 

A morphism of motives a: M ^ N with coefficients in Z^^j is a pair of morphisms 

(ttp : Mp Np, «() : Mq No) 

such that no Up = coj{ao)om. Let Mot(p)(F) be the category of motives over F with coefficients 
in and let Motjpj(F) be the full subcategory of objects M such that Mp is torsion-free. The 
objects of Mot|pj(F) will be called torsion-free. 

Proposition 2.3. With the obvious tensor structure, Mot(p-^(¥) is an abelian tensor category over 
Z(p), and Mot|pj(F) is a rigid pseudo-abelian tensor subcategory o/Mot(p)(F). Moreover: 

(a) the tensor functor M ^ Mp'. Mot(p)(F) Modvi/(F) is exact; 

(b) there are canonical equivalences of categories 

Mot'(^)(F)(Q) ^ Mot(p)(F)(Q) ^ Mot(F); 

(c) for all torsion-free motives M,N, the cokemel of 

Uom{M,N) ®Z(„) W{¥) ^ Hom(Mp,A^p) 

is torsion-free. 



Proo f. These can be proved in the same way as the similar statements in 
20041. 



Milne and Ramachandran 



□ 
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3 Conjecture LR+ 

In this section we state a conjecture that both strengthens and simplifies the original conjecture of 
Langlands and Rapoport. 

Throughout this section, {G,X) is a Shimura (p)-datum satisfying (SVl-4,6) — see pl8] 



Motives with G-structure 

By a motive over F with G-structure, or, more briefly, a G-motive over F, we mean an exact tensor 
functor M: RepQ(G) — > Mot(F). We say that two G-motives are equivalent if they are isomorphic 
as tensor functors. 

We shall be especially interested in the G-motives for which 

(oIoM^C^qV, (ofoM^Qe^QV, (oj oM ^ B{¥)(g)QV, (3) 

(isomorphisms of fibre functors on Rep(G)). Here V denotes the forgetful fibre functor V{^) 
on RepQ(G), andR^qV denotes the fibre functor ^ R^qV{^). 



Integral structures at p 

3.1. Let {G,X) be a Shimura p-datum. Recall that the reflex field E = E{G,X) is the field of 
definition of the G(C)-conjugacy class of cocharacters of Gc containing jXx for all ;c G X. Because 
Gqp admits a hyperspecial subgroup, the prime v in £ is unramified, and so the closure Ey of E in 
(Q^')v is ^ subfield of B{¥). Let 5 be a maximal split subtorus of Gb(y) whose apartment in the 
Bruhat-Tits building of Gb[^) contains the hyperspecial vertex stabilized by G(W(F)). Then is 
represented by a cocharacter Ho of S defined over B(F) whose orbit under the action of the Weyl 
group of S is uniquely determined; moreover, the elements of the Weyl grou p of S are represented 
by elements in G{W{¥)). (For more details and references, see Milne 1994bL pp503^.) 



Recall that Rep(Q(G)((g),) ~ Rep(Q^(G). Therefore, a G-motive M defines by extension of scalars 
a functor 

M{p): RepQ,(G)^Mot(F)(Q,). 

We sometimes write M(/) for (of oM (or its extension (of oM{l) to Repq,, (G)). 
Let M be a G-motive such that M(p) « B(F) (g)Q V. 

Definition 3.2. A p-integral structure on M is an exact tensor functor A: Rep2^(G) — > l\/lodiy(F) 
such that 

(a) for all E, in Rep^^^ (G), we have that A(^ ) is a W(F)-lattice in Mq,) (i^q,,), and 

(b) there exists an isomorphism T] : W (E>Zp A — > A of tensor functors such that T]g(ip) maps /Xq (/?^ ' ) • 
A(<§)w onto FA{^) for aU ^ in Rep2;^'(G). 

In (b), A denotes the forgetful functor (A, (^) A on Rep^ (G). 
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Remark 3.3. (a) Condition (a) means that A(<^) c Mq,)(i^q^) for all ^, and that there is a commu- 
tative diagram 

RepQ^XG) ^ Mot(F)(Q^) Vec5(j-) 

Rep2;,,(G) = > Modiy(]f-). 

(b) We define a. filtered B(¥)-module to be an F-isocrystal {N,F) over F together with a finite 
filtration 

= Filt'" {N)d---D Filt'(A^) D Filt'+' {N)Z)---D Filt'' (A^) = 
on N. In Fontaine's terminology, a IV-lattice A in A/^ is strongly divisible if 

Y^. P^'F {Fill' Nn A) =A, 

and a filtered B(F) -module admitting a strongly divisible lattice is said to be weakly admissible 



(lFontaineiil983 . p90). If /i : G,,, GL(A) sphts the filtration on A, i.e., 

Filt^A = 0,.> A' = {m G A I n{x)m = x'm, all x G B(F) ^ }, 

then the condition to be strongly divisible is that FA. = ji.{p)A. The cocharacter ji^^ of G^^-^ 
constructed in (13.11 ) defines a filtration on Q(8)A(i§) for all i§, and /Iq has been chosen so that ji.^^ 
splits the filtration on A{t, ) for all . Thus condition (b) for A to be a p-integral structure on M can 
be restated as: 

there exists an isomorphism r\ : W ^z,, A ^ A of tensor functors such that, for all t, G 
Rep2^_(G), A(i^) is strongly divisible for the filtration on B{¥) ®wM.^) defined (via Tj) 
by^o^i. 



The set if (M) 

Let M be a G-motive satisfying the condition p fT6l For a p-structure A on M, define OA to be 
the /^-structure such that 

(OA)(<^)=f[^M^'^"1.A(§), forall^ GRep^,/G). 

Here ^(v) is the residue field at the prime v of £ (so [k{v) : ¥p] = [By : Q^]). 
Define 

/(M) =Aut®(M), 
X^(M) =Isom®(A^®Qy,wJoM), 
Xp{M) = {/^-integral structures onM}. 

The group I{M) acts on both XP{M) and Xp{M) on the left, and so we can define 

^(M) =I{M)\{XP{M)/ZP)xXp{M) . 

Here ZP is the closure of Z(Z(p)) in Z(A^) where Z = Z(G). The group G(Ap acts on XP{M) 
through its action on ®q V, and we let it act on (M) through its action on XP{M). We let 
Z(Qp) and <I> act if (M) through their actions onXp{M). 
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An isomorphism M — > M' of G-motives defines an equivariant bijection aM'.M '■ ^{M) —>■ ^{M') 
which is independent of the choice of the isomorphism. For an equivalence class m of G-motives, 
we define 

^(m) = lim^(M). 

Mem 

This is a set with actions of G{hFi) x Z{Qp) and of a Frobenius operator <t>; it is equipped with 
equivariant isomorphisms hm '■ ^{m) ^{M) such that aM'.M°'^M = <^m' for all M, M' G m. 



Special G-motives 

Recall that HdgQ is the category of polarizable Hodge structures over Q. A point x of X defines an 
exact tensor functor 

H,: RepQ(G) ^ HdgQ, ^ ^ {V{^),E,^oh,). 

When X is special, takes values in the full subcategory of HdgQ whose objects are the rational 
Hodge structures of CM-type (because we are assuming (SV4) and (SV6) — see the notations). 
This subcategory is equivalent (via cOb) to CM(Q^'). Fix a tensor inverse HdgQ CM(Q^') to cOg- 
On composing with it, we obtain a tensor functor M,-: RepQ(G) CM(Q''') together with an 
isomorphism (Ob oM^ ~ H^. Any G-motive equivalent to RoM^ for some special x^X will be called 
special. 

Lemma 3.4. Every special G-motive M \ Rep(Q(G) — > Mot(F) satisfies the condition ((21), } \16\ 

Proof. We consider only the case I = p since the other cases are easier. As the statement depends 
only on the isomorphism class of M, we may assume that M = RoM^ with x a special point of X. 
The reduction functor /?: CM(Q''') Mot(F) has the property that 

where WdR denotes the de Rham fibre functor on CM(Q'''). On composing both sides with M^, we 
find that 

There is a comparison isomorphism 

and the definition of gives an isomorphism 

On combining these isomorphisms, we obtain an isomorphism of tensor functors 

{Q%®b(w)M(p)^{Q%®qV. 

It remains to show that we can replace (Q''')v with B{¥) in this statement. 
Consider the functor of B(F) -algebras 

R Isom® {R V, R (g)B(F) M^p) ) . 

This is a pseudo-torsor for Aut® (B(F) ®q V) = G^jp) and, in fact, a torsor because it has a (Q^'),,- 
point. It therefore defines an el ement of (B( F) , G). As the field B(¥) has dimension < 1 and G 
is connected, H^{B(F),G) = ( Steinberg 19651 1.9), and so the torsor is trivial. □ 

In particular, when M is special, the set ^{M) is defined. 
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Shimura varieties of dimension zero 



By a zero-dimensional Shimura p-datum, we mean a pair {T,X) in which T is a torus over and 
X is a finite set of homomorphisms § — > Tk on which r(M)/r(M)+ acts transitively. Consistent 
with our standing assumptions for Shimura data, we require (except in §6) that the weights of the 
elements of X are defined over Q and that T splits over Q'^'". Then, as in the preceding subsection, 
each element x of X defines a T -motive satisfying the condition Q, p [T6l to which we can attach 
a set ^{Mx) with an action of r(A/) and of <I>. 

The zero-dimensional Shimura variety attached to {T,X) is as defined in Milnd 2005 , §5. Every 
Shimura /j-datum {G,X) defines a zero-dimensional Shimura /j-datum {G'"^,X'"^), and Shp(G^'^,X^'^)(C) : 
7ro(Shp(G,X)) when C^^^' is simply connected (ibid.). 

From now on "Shimura p-datum " will mean either a Shimura p-datum, as defined in the Intro- 
duction, or a zero-dimensional Shimura p-datum as just defined. 



Statement of Conjecture LR+ 

Define 



if(G,X)=U^(m) 



(4) 



where m runs over the set of equivalence classes of special G-motives. Then (G,X) is a set with 
an action of G(A^) x Z{%) x {O}, and 

(G,X)^if(G,X) 

is a functor from the category of Shimura /7-data to the category of sets with a Frobenius operator. 

Let £■,, be the closure of E in (Q^')v and l et ffy be its ring of integers. Let Shp(G,X) be the 
canonical integral model over 0'^ (in the sense of lMilnelll992H of the Shimura variety with complex 
points 

G(Q)\ (x X G(Ap X G(Qp)/G(Zp)) . 

From its def i nition, S h^ is iinique l y dete rmined, and it is known to exist except possibly for p = 2 
dVasiull 1999L r2008alJbl iKisinlbool l2009h . Write Shp(F) for the functor 



(G,X)^Shp(G,X)(F) 
from the category of Shimura p-data to the category of sets with a Frobenius operator. 
Conjecture LR-i- 3.5. There exists a canonical isomorphism of functors 

if ^ Shp(F) 

such that, for each Shimura p-datum (G,X), the isomorphism 

^(G,X)^Shp(G,X)(F) 
is equivariant for the actions o/G(Ay ) and Z{Qp). 



Because of an error in iFaltings and Cha illl990l. V 6.8, the definition in iMilndl 19921 needs to be slightly modified 
see lMilnelll994bl , p513, and lMoonen..l998. §3. 
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In symbols: 

{G,X) ^{G,X) Shp{G,X){¥) 

i i n i 

{G',X') SeiG'X) ^ Shp(G',X')(F) 

In fact, one can show that, for Shimura varieties of abelian type, there exists at most one iso- 
morphism of functors Sh^ (F) taking a specific value on Siegel varieties and zero-dimensional 
Shimura varieties. 

Since ^{G^X) includes terms corresponding only to special homomorphisms. Conjecture 13.51 
forces the following conjecture. 

Special-Points Conjecture 3.6. Up to isogeny, every point on Sh.p{G,X) with coordinates in 
F lifts to a special point on Shp(G,X) with coordinates in a finite extension ofB{¥). 



Recall that, from the definition of the canonical integral model and Hensel's lemma. 



Shp(B(F)) n Shp{W{¥)) ^ Shp(F). 



The special-points conjecture is proved in Ein5ll983L 2.7, fo r simp le abelian varieties of PEL- 
typei'^l Pnmore general results have been announced by lVasiu ( 2003a). It should be noted th at the 
special-points conjecture is false in the case of bad reduction (ILanglands and Rapoportill987h . 



Example: the Shimura variety of Gm 

In order to check our signs, we prove the conjecture for a Shimura /j-datum {G,X) with G a one- 
dimensional split torus over Z^,). Any such Shimura p-datum is of the form {G,„,{h„}) where /j„ is 
the ?ith power of the norm map § GmR', thus /i„(z) = (zz)" for z € C. The cocharacter /x,, of G,„ 
attached to /j„ is z i-^ z". 

'^Let L be a simple finite-dimensional algebra over Q with a positive involution xi-^ x*, and let p be a prime number 
such that 

o L ® Qp is a product of matrix algebras, 
o pis unramified in the centre Z of L, and 

Let ^ be a field of characteristic p, and let (A, A) be a polarized abelian L- variety over k such that 

Trc(/ I Lie(A)) = ^ rp • p(Trd(Z)), / e L, (*) 

p:Z^C 

for some fixed integers rp. Assume that the degree of A is prime to p. Then Zink proves the following: 

Let Rhe a. product of CM-fields and let 6a'- End£(A) be a homomorphism such that 6a{R) is stable 
under the Rosati involution and 

dimQ(iJ) =2dimA/[L: Z]'/^ 

(that is, A admits complex multiplication {R, 6a) relative to L). Then there exists a discrete valuation ring 
that is a finite extension of W{k) and a polarized abelian i^7/,-variety (A, A) with complex multiplication 
{R, 6^) over satisfying (*) whose reduction is isogenous to {A,X,R, 6^)- 

According to Zink (1983, pl03), in this case the result was originally stated in a letter from Langlands to Rapoport, 
but the proof there, which is based on the methods of Grothendieck and Messing, is incorrect. (Dieses Resultat wurde in 
einem Brief von Langlands an Rapoport behauptet. Der Beweis dort, der auf Methoden von Grothendieck und Messing 
beruht ist aber fehlerhaft.) 
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The maps 

Shp(C) ^ Sh;,(Q^') ^ Shpm%.) ^ Shp(B(F)) ^ Shp(W(F)) ^ Shp(F) 
are bijective because Shp is of dimension zero and pro-etale over Zp. Therefore 



The F robenius automorphism x i— > x'^ of F acts on this as multiplication by p " on (see iMilne 



19921. §1). 

Let ^ denote a one-dimensional representation of G,„ with character x\-^x. Up to equivalence, 
the only special G„,-motive M over F is that with M((§) = l{n), the nth tensor power of the Tate 
motive. We have 

/(M) = Aut(l(«)) ^^Q"", 
XP{M)=Uom{A''f(g)V{^),AP{n)), 

and Xp{M) is equal to the set of lattices A in (Op{l{n)) that are strongly divisible for the filtration 
defined by /^^^ The Frobenius operator <I> acts by sending A to FA. 

As an Aj-module, A^(«) = A^, and so the choice of a basis element for V{^) determines a 
bijection X''(M) ^ A^. 

The isocrystal 0)p{l{n)) is B{¥) with F acting as P~"0- E very strongly divisible lattice A in 



(Op{\{n)) arises from a lattice Aq in Qp (cf. IWintenbergeiill984l. 4.2.5(1)). Specifically, to say that 
A is strongly divisible means that pL„{p^^)K = FA, i.e., p~"A = p^"aA; therefore A = a A, and so 
A^"^ is a lattice in Qp. Let A°'"' = a{A) ■ Zp with a(A) G Q^; then A i-^ a{A) defines a bijection 
Xp{M) Qp/Zp under which the Frobenius maps correspond. 

This completes the proof of Conjecture [33] for (G,,,, {/?„}). 



A criterion for a G-motive to be special 

We begin by reviewing some constructions. 

3.7. A point x of X defines an exact tensor functor 

^^{V{^h,^Roh,): RepQ(G) ^ HdgK, 

and hence a G-object Nx of Roo. If x' = gx with g G G(M), then g defines an isomorphism A^,^ Nx', 
and so the equivalence class of A^v depends only on X. 

3.8. For any torus T split by Q'^™ and cocharacter /i with weight — (i + l)/x defined over Q, there 
is a unique homomorphism S —^ T sending jj.^ to jx (universal property of (5, /i^)). This homo- 
morphism defines a functor Rep(r) Rep(5) ~ CM(Q^'),i.e., a T-object N{T,n) of CM(Q^'). 
For example, from {G,X), we get a G^''-object N{G^^,lJ.x) in CM(Q^') where jlx is the common 
composite of Hx with G G^^ forx£X. 

Proposition 3.9. When G'^^'' is simply connected, a G-motive M : RepQ(G) Mot(F) is special 
if and only if it satisfies the following conditions: 

(a) the G^-object M(„) is equivalent to Nx(x GX); 
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(b) for all £ p,°°, the GQ^-object Mf^g-^ is equivalent to ®q'V (here V is the forgetful functor 

(c) the tensor functors M(^p) and B{¥)®qV are equivalent, and there exists a p-integral structure 
on M; 

(d) the G^'' object in Mot(F) obtained from M by restriction is equivalent to N{G^^,lJ.x)- 



Proof. The proof is similar to that of iLanglands and Rapoportll 19871 . 5.3, pl73 



Re-statement of the conjecture in terms of motives with Z(p) -coefficients 

By a G-motive over ¥ with coefficients in '^[p), we mean an exact tensor functor 

M: Rep(G) ^ Mot(p)(F), ^ ^ (Mp(^),Mo(^),m(^)). 

We say that M is admissible if the image of m{t, ) is a /^-structure on the G-motive t, Mo(i^ ). For 
an admissible M, let 

I{M) = Aut®(M) ( = Aut®(Mo) n Aut®(Mp)), 
XP{M) =XP{Mo). 

The group I{M) acts on XP{M), and so we can define 

^{M)=I{M)\XP{M)/ZP. 

An admissible G-motive M over F with coefficients in is special if Mq is special. For an 
equivalence class m of special admissible G-motives with coefficients in define 

^(m) = lim^(M). 

A/em 

Proposition 3.10. We have 

where m runs over the set of equivalence classes of special admissible G-motives with coefficients 
in 

More precisely, let M = {Mp,MQ,m) be a special Z(p)-motive over F with G-structure. There is 
an obvious map ^(M) — ^(Mq), and these maps induce an iso morphism The proof of this is 



straightforward using that G(Qp) = G(Q) • G(Zp) (lMilnelll994bL 4.9). 



4 The functor of points defined by a Shimura variety 

Through out this section (G,X ) is a Shimura p-datum such that {Gq,X) is of abelian type in the 
sense of lMilneandShihlll98i §10 Moreover, we assume that ad hx{i) is a Cartan involution on 



'^Recall that a Shimura datum {G,X) is said to be of abelian type if there exists an isogeny H — > G^'^^ with H a product 
of almost-simple groups Hi such that either 

(a) Hi is simply connected of type A, B, C, or ti^, or, 

(b) Hi is of type {n > 5) and equals Rcs^/q//' for F a totally real field and H' is a form of S0(2n) (double 
covering of the adjoint group). 
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<m (assumed to exist) 
is discrete in Z(Ay) 



Gk/wx(G,„) for one (hence all) x and we fix a homomorphism t : Gq - 
such that t owx = —2. Recall that the con dition on ad hr(i) implies that Z( 
and that Z(Z(p)) is discrete in Z(Ap (e.g. jMibielboOSl 5.26). 

As before, Shp denotes the canonical integral model of Sh{G,X) over (see pQH). 

For a field k of characteristic zero, Mot{k) denotes the category of motives over k based on 
abelian varieties and using the Hodge classes as correspondences. It is a semisimple tannakian 
category over Q whose objects are the abelian motives over k. We shall simply call them motives. 
A G-motive over k is an exact tensor functor RepQ(G) Mot(^). 

When ^ = C, Betti cohomology defines a Q- valued fibre functor cob- Etale cohomology defines 
fibre functors (Oi : Mot(/c) — > VecQ, for all primes I and an exact tensor functor o)^ : Mot(^) — > 
Mod^p. Strictly speaking, these depend on the choice of an algebraic closure k^^ of k, and C0i{M) is 
a Ga^{k^^ /k)-modu\Q for each M. 



Definition of the functor 

Admissible G-motives. Let E be the reflex field E{G,X) of {G,X), and let khe a. field containing 
E. As before, a point xofX defines an exact tensor functor 

H, : RepQ(G) ^ HdgQ, ^ ^ {V {^) , ^^l o h,) . 

An £■ -homomorphism r: k —i- C defines an exact tensor functor 

(Ot : Mot{k) HdgQ, X i-^ (Ob{tX). 

We say that a G-motive M over k is admissible with respect fo T if G)^ o M is isomorphic to for 
some X ^X. 



Proposition 4.1. IfM is admissible with respect to one E -homomorphism k 
missible with respect to every E -homomorphism — > C. 



Proof. The proof is the same as that of lMilnelll994bl . 3.29 



Z, then it is ad- 



We say that a G-motive M over a field k containing E is admissible 
if there exists a G-motive Mq over a subfield k^ of k containing E 
such that 

o Mq gives rise to M by extension of scalars and 
o Mo is admissible with respect to some homomorphism ko — > 
C. 



M 

k^ 



Mo 
ko 



Etale p-integral structures. Let ^ be a field containing E, and let F = Gal{k^^/k) for some algebraic 
closure k^^ of k. For a G-motive M over k, let M{p) : RepQ^(G) Mot(^)(Q^^) be the exact tensor 
functor obtained by extension of scalars Q —>■ Qp. 

Definition 4.2. An etale p-integral structure on a G-motive M: RepQ(G) — > Mot(fc) is an exact 
tensor functor Ap : Rep^^(Gp) Rep^^(r) such that, for all ^ in Rep^ (G), Ap{^) is a Z^-lattice 
in ((Op oM{p)){^Q^). 
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The condition means that Ap{^) C {(Op o M{p)){^Q^) for all ^, and there is a commutative 
diagram 

RepQ^(G) ^ Mot(F)(Q^) ^ RepQ^(r) 



RePz„(G) 



Repz„(r). 



Lemma 4.3. For every exact tensor functor A^, : Rep2p(G) ^ Rep2^(r) there exists an isomor- 
phism A — > COforget o of tensor functors. Here A denotes the forgetful functor E,^ A{E,): Rep^^ (G) 
Mod7.„. 



Proof. Apply ([IT]) . 



The functor Let be a field containing For an admissible G-motive M over k, define 

/(M) = Aut®(M), 
(M) = Isom® ( A^. y, o M) , 
Xp{M) = {etale /^-integral structures onM}. 

Then I{M) acts on XP(M) and Xp{M) on the left, G(Ap acts on XP(M) on the right, and Zp{Qp) 
acts on Xp{M). We define 

^(M) = I{M)\XP{M) X Xp(M) 

regarded as a G(Ay ) x Z(Qp)-set. An isomorphism M ^ M' defines an equivariant bijection 
^(M) ^ ^{M') which is independent of the isomorphism. For an equivalence class m of G- 
motives over k, we define 

J^{m) = lim J^{M). 

Mem 

Define 

^(G,X)(;t) =|J^^(m) 

where m runs over the equivalence classes of admissible G-motives. This is a set with an action of 
G(Ap X Z(Qp). For a fixed k, it is a functor from the category of Shimura /7-data to the category 
of sets, and, for a fixed {G,X), it is a functor from the category of E'-fields to the category of sets 
endowed with an action of G{A'i) x Z{Qp). 



The points of Sh^ with coordinates in the complex numbers 

With our assumptions 

Shp(C)~G(Z(p))\XxG(Ap 

~ G(Q)\X X G(Ap X (G(Qp)/G(Zp)) 



(lMilnelll994bl. 4.11. 4.12). 

Let M be an admissible G-motive over C, and let (T],Ap) G XP{M) x Xp{M). Because M is 
admissible, there exists an isomorphism of tensor functors jS : (OboM —>-V sending hM to hx for 
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some X € X. When we tensor this with and compose with rj, 




we get an element of Aut^(A^ ®q V) ~ G{A'Jr). The /7-integraI structure Ap is transformed by p 
into a 7:)-integral structure on the forgetful functor V : Rep^^ (G) VecQ^, and it follows from (11.11) 
there exists a. g = g{Ap) € G{Qp) such that the isomorphism 



maps Ap(<§) onto A((§) for all ^ in Rep2^^(G). Since j8 is uniquely determined up to an element 
of G(Q), we get a well-defined map 

[ri,Ap]^[x,lio7^,g{Ap)]: ^{M)^Shp{C). (6) 

One checks the following statement as in lMilnelll994bL 4. 14: for each equivalence class m of admis- 
sible G-motives, the maps Q define an injective map ^{m) = lim Ji( (M) — > Shp(C), and the 



images of the maps ^{m) Shp(C) for distinct m are disjoint and cover Shp(C). In other words, 
the following is true. 

Proposition 4.4. The above maps define a G(Ap x Z{Qp)-equivariant bijection 

a(C) : ^(G,X)(C) ^ Shp(G,X)(C). 



The points of Sh„ with coordinates in a field of characteristic zero 



The next result is a restatement of lMilnelll994bl . 3.13. 



Theorem 4.5. Let k be afield containing E. For any E-homomorphism t: — s- C, the restriction 
ofa{C) to ^(k) factors through Shp{k): 



^(C) 



Shp(C) 
U 



^{k) Shp{k) 

The map a{k) is a bijection which is independent of T, and it is equivariant for the actions of 
G{AP) X Z(Qp) and Gal(A:^V'^)- 

For a fixed k, a{k) is an isomorphism of functors from the category of Shimura jo-data to sets, 
and, for a fixed {G,X), it is an isomorphism of functors from the category of S-fields to the category 
of sets with an action of G(Ap x Z{Qp). 



The category of motives over a field of characteristic zero with Z(p)-cofficients 

It is, perhaps, more natural to state Theorem l4.5l in terms of motives with Zj^j -coefficients. Let k be 
a field of characteristic zero. 

A motive M over k with coefficients in Z(p) is a triple {Mp,Mo,m) consisting of 
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(a) a finitely generated -module Mp equipped with a continuous action of Gal(A:^/A:), 

(b) an object Mq of Mot(F), and 

(c) an isomorphism m: {Mp)Q ft)J(Mo). 

A morphism a : M ^ N of motives with Z^^^ -coefficients is a pair of morphisms 

{Up-. Mp^Np,ao: Mo^No) 

such that noap = (oj{ao)om. Let Mot(p)(A:) be the category of motives over k with coefficients 
in Z(p), and let Mot|p-)(^) be the full subcategory of objects M such that Mp is torsion-free. The 
objects of Mot'^p^{k) will be called torsion-free. 

Proposition 4.6. With the obvious tensor structure, Mot(p)(A:) is an abelian tensor category over 
Z(p), and Mot'(p^(^) is a rigid pseudo-abelian tensor subcategory ofMot(^p-^{k). Moreover: 

(a) the tensor functor M ^ Mp'. Mot(p)(F) ^ Modz is exact; 

(b) there are canonical equivalences of categories 

Mot[p^{k)Q Mot(p)(^:)Q ^ Mot(^:); 

(c) for all torsion-free motives M,N, the cokernel of 

Hom(M,A^) Zp ^ Uom{Mp,Np) 

is torsion-free. 

Proof. Routine. □ 
By a G-motive over k with coefficients in Z(p), we mean an exact tensor functor 
M: Rep(G) ^ Mot(p)(F), ^ - {Mp{^),Mo{^),m(^))- 

We say that M is admissible if ^ ^ Mq ) is admissible and the image of m ) is an etale p-integral 
structure on Mq. For an admissible M, let 

I{M)=Auf'{M), and 
XP{M)=XP{Mo). 

The group I{M) acts on XP{M), and so we can define 

^{M)=I{M)\XP{M). 

For an equivalence class m of admissible G-motives over k with coefficients in Z^^), define 

=Sf(m) = limjSf(M). 

Mem 

Then 

^{G,X)o,\J^^{m) 

where m runs over the equivalence classes of admissible G-motives with coefficients in Z(p). 
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5 The map ^(G,X)(W(F)) ^ if (G,X) 

Let {G,X) be a Shimura /j-datum, and Shp{G,X) be a canonical integral model. We often write ? 
for 7{G,X). Conjecturally, there should be a map 

corresponding to the map 

Shp{B{¥)) ~ Shp(W(F)) ^ Sh;,(F), 
but (at present) we are able to define such a map only on a subset of ^(B(F))0 



The points of Sh^ with coordinates in 5(F) 



Theorem 14.51 gives, in particular, a motivic desc ription of the points of Shp with coordinates in 



B{¥). However, as we explained in lMilnelll994bl . p509, because etale p-integral structures do not 



reduce well, to pass from the points on a Shimura variety with coordinates in B{¥) to the points 
with coordinates in F, we need to replace the etale /^-integral structures with crystalline /^-integral 
structures. 

Lemma 5.1. For any admissible G-motive M over B{¥), there exists an isomorphism 

B(¥) (»qV ^ (OdRoM 

of tensor functors RepQ(G) — > Vecgj-jr) carrying the filtration defined by jj.^^ into the de Rham 
filtration (here /Iq is as in \3.1\ and V is the forgetful functor). 

Proof. For each B(F)-algebra R, let ^{R) be the set of isomorphisms of /^-linear tensor functors 

«)Q V ^ /? ®B(F) (WdR o M) 

carrying Filt(;Uo^') into the de Rham filtration. Then ^ is a pseudo-torsor for the subgroup P of 
Gb(y) respectin g the filtration defined by jX^^ on each representation of G. This is a parabolic 
subgroup of G (Saavedra Rivanol 1972 . IV 2.2.5, p223), and hence is connected by a theorem of 



Chevalley (Bo reLil991. . 11.16, pl54). Once we show ^(C) / 0, so that ^ is a torsor, it will follow 
from[steinberJll9d|, 1.9, that ^{B{¥)) / 0. 



Choose an S-homomorphism t: B{¥) — > C. There is a canonical comparison isomorphism 

C {(Ob o TM) C (g)B(F) {(OdR oM) 

which carries the Hodge filtration on the left to the de Rham filtration on the right. By assumption, 
for some x £X, there exists an isomorphism 

Hx ^ (Obo tM 

preserving Hodge structures. On combining these isomorphisms, we obtain an isomorphism 

C(S)qHjc^C (g>B(w) (ft>dR oM) 



16' 



The problem is that we defined Mot(F) as a quotient of CM(Q'''), but we would like to realize it as a quotient of 
the category of abelian motives over Q^' having good reduction at v, or, at least, of the category generated by abelian 
varieties over Q^' having good reduction at v. The latter would be possible if we knew the rationality conjecture for all 
abelian varieties with good reduction at v. 
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carrying Filt(/i^ ' ) to tlie Hodge filtration. By its very definition, /Xq lies in the same G(C)-conjugacy 
class as n^, and so there exists an isomorphism of tensor functors 

carrying Filt(/X()"') to Filt(/X7^). The composite of the last two isomorphisms is an element of 

Let MFgfjT) denote the category o f weakly admiss ible filtered B(F)-modules (see l3.3l )l'^and let 
MFiy(]p-) denote the category MF ^ of iFontaind 1 1983L 2.1. Thus an object of MFiy(]p-) is a finitely 
generated W(F) -module A together with 

(a) a finite exhaustive separated decreasing filtration 

■ ■ O Fih'A D Filt'+^A D • • • 

by submodules that are direct summands of A, and 

(b) a family of a-hnear maps q)'^: Filt'A A such that ^'j^{x) = pq)'j^^^{x) for x G Filt'+^A and 
I,Im(pi = A. 

Let A be an object of MFvi7(f)- Then Ag(ip') is an object of MFg(ip), and the image of A in Ag(ip) is a 

strongly divisible lattice such that Filt'A = A n FiltW is a direct summand of A for all /. To give an 
object of MF(;j?(]p-) that is torsion-free as a VK-module is the same as giving an object (A'^,F,Filt') of 
MFg(jr) together with a strongly divisible lattice A such that AnFiltW is a direct summand of A for 
all /. The category MFj^^p) is a Zp-linear abelian category. 

The functor WdR : Mot(B(F)) —>■ Modg(Y) has a canonical factorization into 

Mot(S(F)) Rp 
and it even factors through MFgj]^) on a large subcategory of Mot(B(F)). 



forget 



Mod 



B(F); 



Definition 5.2. A crystalline p-integral structure on a G-motive M over B{¥) is an exact tensor 
functor A(.^s : Rep^X^) ~^ ^^w{¥) such that A^j-y^ is a W(F)-lattice in (oUdR oM{p)){^Q^^) for 
all-in Repz^(Gp)." 

The condition means that A^.^^ {^) C. {cOdRoM{p)){^Q^) for all ^, and there is a commutative 
diagram 

B{¥)'2)M 



Repfi(F)(G) 



-^B(F)(g)Mot(B(F)) 



MF 



S(F) 



Repz„(G) 



w 



Recall that for any filtered module N, there is a canonical splitting /Xyt^ of the f iltration on A'^, and 
that splits the filtration on any strongly divisible submodule of (IWintenber ger 1984). 



Lemma 5.3. Let A^-j^g be a p-integral crystalline structure on an admissible G-motive M over 
B{¥). Then there exists an isomorphism of tensor functors W ®z A 



Aj.jys carrying jjLq ^ into jJLw- 



'^Thus an object of MF^^pj is an F-isocrystal over F together with a finite exhaustive separated decreasing filtration 
that admits a strongly divisible IV -lattice. 
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Proof. It follows from (11.11) that there exists an isomorphism a : W 'S>Zp A A^^y^, uniquely de- 
termined up to composition with an element of G(W). Let /i' be the cocharacter of Gw mapped by 
a to /^iv- We have to show that jj,' is G(W)-conjugate to jj.^^ . 

According to Lemma [STTl there exists an isomorphism j8 : B(F) (8)^^ A —>■ B{¥) ®w A^rys carry- 
ing Filt(/XQ"') into Filt(/Xvi'). After possibly replacing g with its c omposite with an element of (a 



unipotent subgroup) of G{B{¥)) — see, for example. lMilnelll990l . 1.7, — we may assume that j8 
maps to Hw Since j3 can differ from B{¥) (2)w only by an element of G{B{¥)), this shows 
that /i' is G(B(F))-conjugate to {j.^^. 

Let r be a maximal (split) torus of Gw containing the image of n'. From its definition (seel3.1l). 



we kn ow jjLo factors through a specific torus S C G^. According to iDemazure and Grothendieck 



19641 XII 7.1, r and S will be conjugate locally for the etale topology on SpecW, which in our 
case means that they are conjugate by an element of G{W). We may therefore suppose that /i' and 
/!() both factor through S. But two characters of S are G(g(F) )-conjugate i f and only if they are 



conjugate by an element of the Weyl group — see for example Milne 19921. 1.7, — and, because 



the hyperspecial point fixed by G{W) lies in the apartment corresponding S,G{W) contains a set of 
representatives for the Weyl group (see l3.1l ). Thus n' is conjugate to /Xq"' by an element of G{W).n 

The integral comparison conjecture. 

Recall that, for an abelian variety over a field k of characteristi c zero, ^ (A) denotes the Q-algebra 
of Hodge classes on A (absolute Hodge classes in the sense of iDelignd 1982 ). A Hodge tensor on A 



is an element of 0„>o^(A"). A Hodge class on A is a family 7= (7/)/ with 7/ € //^*(A^ai,Q;(*)) 
for Z 00 and G /7|*(A)(*). 

Let A be an abelian variety over a finite extension K of B{¥) contained in (Q^')v, and suppose 
that K is sufficiently large that ^(A) ~ =^(A^.i). Then 

=^(^)(A)^'=^(A)n//2*(A^,,Zp)(*) 

is a -lattice in ^(A). 

Integral Comparison Conjecture 5.4. If A has good reduction, and so extends to an abelian 
scheme si over G}^, then, for y ^ SS{A\ 

Yp G H^*{A^.,,Zp{*)) ^ 7„ € Hl^{^){*). (7) 



The following statement was conjectured in lMilnelll995l r^ 



Theorem 5.5. Let K be a finite extension ofB(¥), and let A be an abelian variety over B{¥) with 
good reduction (so A extends to an abelian scheme over Gk)- Let {si)i^i be a family of Hodge 



^More preciselv. lMilne|[r995l . Conjecture 0.1, pi, reads: 

Let A be an abelian scheme over IV (F). Let s = {si)i£j be a family of Hodge tensors on A including a 
polarization, and, for some fixed inclusion r: W{¥) ^ C, let G be the subgroup of GL(//' ((tA)(C),Q)) 
fixing the i/. Assume that G is reductive, and that the Zariski closure of G in Gh{H^ (Agf^fyZp)) is 
hyperspecial. Then, for some faithfully flat Z^-algebra R, there exists an isomorphism of W-modules 

R ®z„ H^Ae^f^Zp) ^ R(g)w H^r (A) 

mapping the etale component of each Si to the de Rham component. (In fact, if there exists such an 
isomorphism for some faithfully flat Zp-algebra, then there exists an isomorphism with R — W(¥).) 
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tensors for A that are tensors for (A, Xp) and that define a reductive subgroup ofGh{H^(A,Z,p)). 
Then there exists an isomorphism of W {¥) -modules 

W(¥) ^z,H\A,Z„) ^ H^^{.s^) 

mapping the etale component of each Si to the de Rham component. 

Proof. Apply iKisinlEoOol. 1.3.6, or lVasiulliooihI . □ 



Note that Theorem [531 implies that the Hodge tensors Si in the statement satisfy Q. 



Construction of the map ^{W{¥)) ^ 

Define Mot(W(F)) (respectively Mot(p)(W(F))) to be the tannakian subcategory of Mot(B(F)) 
(respectively Mot(p)(B(F))) generated by abelian varieties over B(F) with potential good reduc- 
tion. Note that Conjecture [53] implies that there is an exact tensor functor (Oss.: Mot(p)(VK(F)) — > 
ModM/(]F). 

Dehnition 5.6. An admissible G-motive M over B(F) is special if it takes values in Mot(lV(F)) 
and there exists an exact tensor functor M' : Rep(G) CM(Q^') making the following diagram 
commute: 

CM(Q^') > Mot(B(F)^') 

M' 

Rep(G) Mot(lV(F)) Mot(B(F)) 



We say that an equivalence class m of admissible G-motives over S(F) is special if it contains a 
special G-motive M, in which case we let Ji{m) = {M'). We define ^(G,X)(W(F)) to be the 
subset U„ special ■^('«) of .^(G,X) (B(F) ). 

Proposition 5.7. Assume the integral comparison conjecture. Then there is a canonical equiv- 
ariant map 

The map becomes surjective when we omit the p-component; that is, when we replace ^{G,X) 
with its quotient 

^P{G,X) = \_\^^P{m), ^P{m) = lim ^'^M), ^p{M) =I{M)\{XP{M)/ZP). 

Mem 

Proof. Let M be special. The composite 

Rep(G) ^ CM(Q^i) Mot(F) 

is a special G-motive M over F. Let r\ G XP{M), and let A^ G Xp{M). Then {M,Ap) defines an 
exact tensor functor Rep(G) — > Mot(p)(W(F)), whose composite with w^r is an element of Xp{M) 
(because of 15.11 and 15. 3I ). The specialization map in etale cohomology defines an isomorphism 
(oP{M) (oP{M), and so rj defines an element of XP{M). Therefore, we have a map ^{M) — > 
^{M). On combining these maps for different M, we obtain a map ^{W{¥)) ^ . The second 
statement is obvious from the definitions. □ 
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Question 5.8. Is there an elementary proof that every admissible G-motive over B{¥) that takes 
values in Mot(W(F)) is special? Perhaps this can be deduced from an analogue of Proposition 13.91 
A positive answer would give an elementary proof of the special-points conjecture (see the proof of 
Theorem 16. 81 ). 

Remark 5.9. When {G,X) is of Hodge type, then Proposition 15.71 follows from Theorem 15. 51 i.e., 
it is not necessary to assume the integral comparison conjecture. To see this, choose a defining 
representation and tensors for G. 



6 Proof of Conjecture LR+ for certain Shimura varieties 

Let {G,X) be a Shimura p-datum satisfying (SVl-4,6), and let Shp be a canonical integral model. 
Consider the diagram 



(8) 



^ Shp(F) 



in which the isomorphism on the top row is the map ot(B(F)) of Theorem 14. 5 1 ^Ve say that Con- 
jecture LR holds for {G,X) if there exists an equivariant isomorphism .if Shp(F) making the 
diagram commute. 



Siegel modular varieties 

Let {G{y),X{y)) be the Shimura datum attached to a symplectic space {V,y) over Q. Thus 
G{\j/) = GSp(vA) and X{y) consists of the Hodge structures h on Vr for which {x,y) i— > i/a(x,/z(/)j) 
is definite (either positive or negative). For any -lattice A in V such that y/ restricts to a perfect 
Z(p)-valued pairing on A, the subgroup G of G{y) stabilizing A is a reductive group over Z^^j with 
generic fibre G{y)- Thus {G,X{y)) is a Shimura ;?-datum. Any Shimura /^-datum arising in this 
way will be called a Siegel p-datum. In this subsection, we prove Conjecture LR for Siegel /7-data. 

Lemma 6.1. Let (A , A ) be a polarized motive over ¥. For any Q-algebra R, let H{R) be the group 
of automorphisms of A as an object of Mot(F)(;j) fixing A. Then H is an algebraic group over Q 
satisfying the Hasse principle for H^. 

Proof. We may assume that A is isotypic. Let L = End(A), let E be the centre of L, and let ^ 
denote the involution of L defined by A. For any Q-algebra R, 

H{R) = {a eL^qR \ aa'^ = 1}. 



There are two cases to consider: (a) £ = Q; (b) £ is a CM-field (cf. lMilnelfl994aL 2.16). Choose 



a fibre functor o) over Q''', and let V = w(A). In case (a), End(A)Qai = End(y) and //qsi is the 
symplectic group attached to the alternating form on V defined by A. Hence // is a simply connected 
semisimple group, and so it satisfies the Hasse principle for H^. In case (b), V decomposes into a 
direct sum of spaces IV 0lV^. Correspondingly, H^^ decomposes as aproduct of groups G-w, where 
Gw =End(VK) ©End(W'^). Moreover, {a,b)^ = {b^,a), and so Gw ~ GLw From this, one deduces 
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that H = Resp/Q//' where H' is an algebraic group over the largest totally real subfield F of E; the 
reduce norm defines a homomorphism H' — > G„, and the kernel is a form of SL„ for some n. From 
the diagram 



/der\ 



dense image 



open 



v|oo image 



h\f,h 



UH'{F,.,H"'^^) 



H\F,H') 



nH\F,.,H') 







we see that H' satisfies the Hasse principle over F, and so H satisfies the Hasse principle over Q. □ 

Lemma 6.2. Let (A, A) and (A', A') be polarized CM abelian varieties over Q^'. If there exists an 
isogeny Aq ^ Aq sending Aq to Ao, then there exists an isomorphism h^{A) h^{A') sending h{X) 
toh{X'). 

Proof. For a Q-algebra 7?, let ^{R) be the set of isomorphisms from h^A to h^A' in the category 
Mot(F)(/j) sending hX to /jA'. We have to show that ^(Q) is nonempty. Clearly ^ is a torsor for 
the algebraic group H in Lemma [677] and so it suffices to show that =^(Q/) is nonempty for all I. 

Let / be a prime / p,°°, and let be the category of finite-dimensional Q/-vector spaces 
equipped with a germ of a Frobenius map. Then Q defines a fully faithful functor Mot(F)(Q^) 
(cf.l Milnel[l994al. 3.7). Moreover, C/(^'A) = t,,{h^A) (by definition), and <^/(/jU) =//g\(A,Q,) ~ 



//g\(Ao,Q/) (as objects of R^). An isogeny Aq ^ Aq sending Aq to Aq defines an isomorphism 
^e\(^o,Q/) ^ HliiA'oMi) sending //e\(A()) to //e\W))> and hence an element of ^(Q/). 

For p, we define R^ to the category of finite dimensional vector spaces V over Q™ equipped 
with a a-linear isomorphism V ^V. Then C,i defines a fully faithful functor Mot(F)((Q^) R^. The 
same argument as in the last paragraph shows that =^(Qp) is nonempty. 



For oo, we need to use the categories of Lefschetz motives LCM(Q^') and LMot(F) (see iMilne 



19991 ). Each of these categories has a canonical polarization for which the geometric polariza- 
tions ^e_gositive, and the quotient map LCM(Q^') — s- LMot(F) preserves the polarizations (see 
Milnd I2OO2L 3.7). These polarizations define (isomorphism classes of) functors from LCM( 
and LMot(F) to R„ (see DeUgne and Milne. 1982i . 5.20). We can choose the functor on LCM( 
to be the composite LCM(Q''') CM(Q'^) R„; then we can choose the functor on LMot(F) to 
be compatible, via the quotient map, with that on LCM(Q^'). The functor defines a fully faith- 
ful functor f rom Mot(F)(-TO ^ to the category of objects of Roo equipped with a germ of a Frobenius 



Tial\ 



operator (cf. lMilndll994al. 3.6). Now, the same argument as before shows that ^(M) is nonempty.^ 



Theorem 6.3. Let {G,X) be a Siegel p-datum. The map Ji({W{¥)) 
isomorphism ^ — > Shp(F). 



Shp(F) o/dH) induces an 



Proof. The group G has a natural Tate triple structure (w,?), and we prefer to work with (G,w,f)- 
objects (see pEJ. Now fix a polarized CM abelian variety (A, A) over Q^', and let M be the corre- 
sponding (G,>v,f)-motive over S(F) (see ll.81). It follows from Lemma ld!2] and deformation theory 
(starting from the Serre-Tate theorem; cf Norman|[l98ll ') that the fibres of the maps ^(M) — > £^ 
and ^ (M) — > Shp(F) are equal. Therefore, we get a commutative diagram 



Ji(M) 



bijection 



'Shp(B(F)) 



'Sh,(F) 
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where a prime denotes the image of ^(M). Using the second statement of Proposition 15.71 one 
sees that the lo wer arrow ex tends canonically to an injection ^ — > Shp(F), which is a bijection by 
Zink's theorem dzinldl 19831. 2.7). □ 



Shimura subvarieties 

Recall that a map (G,X) {G',X') of Shimura data defines a morphism Sh(G,X) Sh{G' ,X') of 
Shimura varieties over C. Deligne (1971, 1.15) shows that the morphism is a closed immersion if 
G — > G' is injective. 

His argument proves a similar statement for Shimura /j-datalll In particular, if {G,X) — > {G\X') 
is a map of Shimura p-data such that G ^ G' is injective (as a map of group schemes over Z(p)), 
then Shp(G,X)(B(F)) ^ Shp(G',X')(B(F)) is injective. Similarly, ^(G,X) ^ ^(G',X') is injec- 
tive. Write ?' for ?(G',X'). For suitable integral models of the Shimura varieties, there will be a 
homomorphism of diagrams 

J^{W{¥)) Shp(W(F)) ^'(W(F)) Sh;(W(F)) 



Shp(F) ^' Sh;(F). 

Proposition 6.4. Assume that the map Shp(F) Shp(F) is injective. If the map J^'{W{¥)) 
Sh!p{¥) factors through and defines a bijection ' J^' 'Shp(F), then the same statement is true 
for^{W{¥))^Shp{¥). 

Proof. This is obvious from the above statements. □ 



Shimura p-data of Hodge type 

We say that a Shimura p-datum (G,X) is of Hodge type if there exists a Siegel /j-datum (G',X') and 
a map (G,X) —>■ (G',X') with G ^ G' injective. We let Shp and Sh^ denote the canonical integral 
models. 

Theorem 6.5. Let (G,X) be a Shimura p-datum of Hodge type, and assume that the map Shy,(F) — : 
Shp(F) is injective for some Siegel embedding. Then the map ^{W{¥)) — s- Shp(F) o/ftH), f 07] de- 
fines an injection J£ Shp(F), which is surjective if the special-points conjecture holds for (G,X). 

Proof. Theorem [63] and Proposition 16.41 show that the map ^ {W{¥)) Shp(F) defines a bijec- 
tive map 'Shp(F), which can be extended to an injection map =Sf —^ Shp(F) using the second 

part of Proposition l5.7[ If the special-points conjecture is true for (G,X), this map is surjective. □ 

6.6. We deduce: 

(a) Conjecture LR-i- is true for all Shimura varieties of PEL-type (by Zink's theorem; in this 
case, it is known that the canonical integral model has the property that Shp(F) — s- Shp(F) is 
injective). 

(b) Conjecture LRo is true for a Shimura variety of p-Hodge type if (and only if) the special- 
points conjecture holds for the Shimura variety (Conjecture LRo allows us to take the integral 
model of Shp to be the closure of Shp in the integral model of Sh^). 

This is written out, for example, in lGiguerelll998L 2.1.9.1 and in lKisiiJl2009L 2.1.2. 
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(c) Conjecture LR+ is true for a Shimura variety of p-Hodge type if the special-points conjecture 
holds for it and canonical integral model has the property that Shp(F) — > Shp(F) is injec- 
tive (the canonical integral model is not always known to have this last property, because 
present constructions of it require a normalization; according to Vasiu, this should not be 
necessary)!^ 



Complements 



Restatement in terms of groupoids Choose a Q^'-valued fibre functor ft) on IVlot(F) and isomor- 
phisms 

C^Q.,ft)^ftj!, qf(^^.^(b^^T^®Q,coJ, B{¥f®^.xCb^B{¥f®BmG)l. (9) 



Then ^ = Aut®(ft)) is a transitive affine Q^'/Q-groupoid ('Peh gnelflQQnl 1.11, 1.12). Let 6/ be the 
groupoid attached to the category R/ and its canonical (forgetful) fibre functor Then 

Aut^,(ft)f)=^6,, / = 2,3,5,..., oo, 

and so the isomorphisms ^ define homomorphisms (^/: 0/ ^ where is the Qf/Q/- 
groupoid obtained from *p by extension of scalars. The kernel 0f of 6/ is Gm for Z = oo, 1 for 
I p,oo, and G for / = p. 

Proposition 6.7. The system {^1)1=2,3,5,.. .,<>=) satisfies the following conditions 

(a) (q3^c^^i) = (p,zp,zoo); 



(b) the morphisms Qfor p,oa are defined by a section o/*P over CgiQ A^ where Aj is the 
image of Q^' (g) A^ in Yle^p 



Proof. Straightforward (cf. lMilnell2003l §6) 



Thus (y, f C/)) is a pseudomotivic groupoid in the sense of lMilnelll992l 3.27 (corrected in 
Reunann 1 19971 . pl20), which is essentially the same as the object that 'Langland s and Rapopor^ 
(Il987h call a "pseudomotivische Ga loisgruppe" . On restating Conjecture 13. 5l in terms of (^, (C/)); 
we recover Conj ecture 5. e, pl69, of iLanglands and Rapoportill987. in the good reduction case; see 
also lMilne|[l992l 4.4, and iReimandljMZi Appendix B3. 

Langlands and Rapoport also state their conjecture for Shimura varieties whose weight is not 
rational (that is, which fail SV4) in terms of a "quasimotivische Galoisgruppe", but, as Pfau and 
Reimann have pointed out, their definition of this is incorrect. Following Pfau, we define a quasi- 
motivic groupoid b}l^ 

1} = *P X5 (G,„)(Qcm/Q. 

Then it is possible Conjecture LR-h for all Shimura varieties in terms of £}. 



20> 



"Note that, as the canonical integral model is currently constructed, the map Shy,(W(F)) Sh!p{W {¥)) is injective 
(because it is a submap of the injective map Shp(B(F)) ShJj(S(F))). 

^'Those who don't wish to assume that their Shimura varieties satisfy SV6, will need to replace (Gm)Qcm/Q with 
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Non simply connected derived groups Langlands and Rapoport originally stated their conjecture 
only for pairs (G,Z) with G '^'^^ simply connected (in fact, their statement becomes false without this 
condition). In iMilnelll992l . the conjecture is restated so that it applies to all Shimura varieties, and 
the condition that the bijection be equivariant for Z(Qp) is added. For the improved conjecture, the 
following statement is proved (ibid. 4.19): 



Let — > {G',X') be a morphism of Shimura ;?-data with Gq 
if the improved Langlands-Rapoport conjecture is true for {G,X) 
(G'X). 



G'q an isogeny; 
then it is true for 



Similar arguments prove this for the Conjecture LR+. Thus, once one knows Conjecture LR+ to be 
true for some Shimura 79-data, one obtains it for many more. 



Changing the centre ofG |pfai3(ll993l.[l996bl Jal) stated a "refined" Langlands-Rapoport conjecture, 
and he proved the following statement: 



Let {G,X) and {G' ,X') be Shimura /j-data whose associated connected Shimura /j-data 
are isomorphic; if the refined Langlands-Rapoport conjecture is true for one of the 
Shimura varieties, then it is true for both. 



Again, similar arguments prove this statement Conjecture LR-i-. In fact, the arguments become 
somewhat simpler. Thus Theorem 16.51 implies Conjecture LR-i- for many Shimura varieties whose 
weight is not rational. 



Shimura varieties of abelian type The above statements almost suffice to prove Conjecture LR-i- 
for all Shimura varieties of abelian type (assuming the special-points conjecture). The main obstacle 
is that, in Theorem l6.5l we required that the Shimura ;7-datum be of Hodge type, whereas we need to 
know the conjecture for all such that {Gq,X) is of Hodge type. In other words, in Theorem 

16.51 we required that there exist an embedding ^ (G(v/^),X(va)) such that G{Zp) maps into 

a hyperspecial subgroup of G(va); we need to prove the theorem without the last condition (or prove 
that it always holds). 



General Shimura varieties It is natural to pose the following problem: 

Let {G,X) be a Shimura /j-datum (whose weight is defined over Q, if you wish). Define 
(in a natural way) an F-scheme L with a continuous action of G{A'J-) x Z(Qp) such that 
L(F) =if(G,X). 

Once this problem has been solved, it becomes possible to state the following conjecture: 
Show that there exists an equivariant isomorphism of F-schemes L Shp. 



Once the problem has been solved for all Shimura varieties and the conjecture has been proved for 
(certain) Shimura varieties of type An, it sho uld be possible to de duce the conjecture for all Shimura 
varieties by the methods of lMilnelfl983l and iBorovoal 1 984l. [l987 . 
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The rationality conjecture 

We refer to lMilndlioO^. 4. 1, for the statement of the rationaUty conjecture. 



If the rationality conjecture is true for all CM abelian varieties, then there is a unique good 
theory of rational Tate classes A i-^ ^(A) on abelian varieties over F, and we can define Mot(F) 
to be the category whose objects are triples {A,e,m) with A an abelian variety over ¥ and e an 
idempotent in ^''™'*(A x A). The reduction functor realizes Mot(F) as a quotient of the tannakian 
category CM(Q^'), and so it defines a fibre functor (Oo on CM(Q^')^. The quotient category defined 
by COq is, of course, just Mot(F). The advantage now is that we know directly that Mot(F) contains 
the motives of abelian varieties over F. 

Theorem 6.8. If the special-points conjecture is true, then the rationality conjecture for CM 
abelian varieties implies the rationality conjecture for all abelian varieties whose Mumford-Tate 
group is unramified at p. Conversely, if the rationality conjecture is true for all abelian varieties, 
then the special-points conjecture is true for Shimura varieties of Hodge type with simply connected 
derived group (and hence for all Shimura varieties of abelian type A, B, or C). 

Proof. Let A be an abelian variety over Q^' with good reduction at v to an abelian variety Aq over 
F, and let / be a Hodge class on A and 5 a Lefschetz class on Aq. If the special points conjecture 
is true, then there exists a CM abelian variety A' over Q''', a Hodge class / on A', and an isogeny 
a: A'q^Aq sending >^ to 70. Then 

If the rationality conjecture is true for A', then • a* 5) G Q, and so (70 • 5) G Q. 

Conversely, if the rationality conjecture is true for all abelian varieties, then the reduction functor 
is defined on the tannakian subcategory Mot(W(F)) of Mot(B(F)) generated by abelian varieties 
over B{¥) with good reduction. A point P of Shp(F) arises from an element [M, T] , A^] of ^{B(¥)) 
(see ([D, pOTI). If {Gq,X) is of Hodge type, then M takes values in Mot(W(F)), and the composite 

RepQ(G) ^ Mot(W(F)) Mot(F) 



satisfies the conditions (a,b,c,d) of Proposition 13.91 Therefore, if G'^^'^ is simply connected, then M 
is special, which implies that P lifts to a special point. □ 



If we knew the rationality conjecture was true, this would open up the possibility of extending 
the motivic moduli description of the points on a Shimura variety of abelian type and rational weight 
from characteristic zero to characteristic p. 

So long as the Tate conjecture remains inaccessible, the rationality conjecture is the most im- 
portant problem in the theory of abelian varieties over finite fields. 
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